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1 Introduction
Let G be a finite group, and let X ⊆ G\{1G} be a generating set for G which is closed
under inverse. The Cayley graph C(G,X) for the pair (G,X) has vertex set G, with
any two vertices g, h ∈ G joined by an edge whenever g−1h ∈ X . It follows that the
Cayley graphs considered in this article are finite, connected, undirected and simple.
A (topological)map is a 2-cell embedding of a connected graph into a closed surface.
We are interested in particular embeddings of Cayley graphs on surfaces. It is well
known that to describe an embedding of graph into an orientable surface, one just
needs to specify, at every vertex, a cyclic ordering of edges emanating from the vertex.
A graph automorphism which can be extended to a homeomorphism of the supporting
surface onto itself is called a map automorphism. If the group of orientation-preserving
automorphisms of an embedding acts transitively on incident vertex-edge pairs called
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arcs, then this action is also regular. In this case, the embedding (map) is called
regular. In addition, if there is an orientation-reversing map automorphism, the map
is called reflexible.
For a Cayley graph C(G,X), all edges incident to a vertex g ∈ G have the form
{g, gx} where x ∈ X . Hence to describe an embedding of a Cayley graph in an ori-
entable surface, it suffices to specify a cyclic permutation of the generating set at each
vertex. If these cyclic permutations are the same at each vertex, which is a cyclic
permutation p of the set X , then the embedding is called a Cayley map and is denoted
by CM(G,X, p). In this paper, when we describe p clearly, we sometimes omit the de-
scription ofX because p contains full information ofX . Since left multiplication by any
fixed element of G induces an orientation-preserving automorphism of CM(G,X, p),
Cayley maps are vertex-transitive. So a Cayley map CM(G,X, p) is regular if and
only if the stabilizer Aut(M)1G of the vertex 1G in the group Aut(M) acts regularly
on the arcs emanating from 1G. A generator of Aut(M)1G satisfies a certain system
of identities [6], subsequently re-stated in terms of so-called skew-morphisms [7] which
will be introduced later. For more information on regular Cayley maps, the reader is
referred to [1, 7, 16, 17, 18].
For a Cayley map M = CM(G,X, p), M is called t-balanced if p(x)−1 = pt(x−1)
for every x ∈ X . In particular, if t = 1 then M is called balanced, and if t = −1,
then M is said to be anti-balanced. Note that a Cayley map M = CM(G,X, p) is
regular and balanced if and only if there exists a group automorphism ψ of G whose
restriction on X is p. Two Cayley maps CM(G1, X1, p1) and CM(G2, X2, p2) are said
to be equivalent if there exists a group isomorphism φ : G1 → G2 mapping X1 to X2
such that φp1 = p2φ. Equivalent Cayley maps are isomorphic as maps. On the other
hand, isomorphic Cayley maps may not be equivalent as Cayley maps.
The class of cyclic groups is the only class of finite groups on which all regular
Cayley maps have been classified due to the work of Conder and Tucker [5]. Regarding
other groups, only partial classifications are known (see, e.g. [9, 11, 13, 20]). In this
paper we investigate in detail properties of reflexible Cayley maps for dihedral groups.
As the main result, we classify reflexible regular Cayley maps for dihedral groups. The
following theorem is the main result.
Theorem 1.1. Let M = CM(Dn, X, p) be a reflexible regular Cayley map for the
dihedral group Dn of valency d, where Dn = 〈a, b | a
n = b2 = 1, bab = a−1〉 is a dihedral
group of order 2n. If d = 2 thenM is isomorphic to CM(Dn, {b, ab}, (b, ab)), and if d =
3 thenM is isomorphic to CM(D2, {b, ab, a}, (b, ab, a)), CM(D3, {b, ab, a
2b}, (b, ab, a2b))
or CM(D4, {b, a, a
−1}, (b, a, a−1)). For d ≥ 4, M is isomorphic to one of the maps in
the following list:
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(1) M1 = CM(Dn, X1, p1) with
p1 = (b, ab, a
ℓ+1b, aℓ
2+ℓ+1b, . . . , aℓ
d−2+ℓd−3+···+1b)
for some ℓ satisfying ℓ2 ≡ 1( mod n), where d is the smallest positive integer
such that ℓd−1 + ℓd−2 + · · ·+ 1 ≡ 0( mod n).
(2) A positive integer n is even and M2 = CM(Dn, X2, p2) with
p2 = (b, a, a
2b, a3, a4b, . . . , an−2b, an−1).
(3) A positive integer n = 2m is a multiple of 8 and M3 = CM(Dn, X3, p3) with
p3 = (b, a, a
m+2b, a3, a4b, . . . , am−2b, an−1).
(4) n = 3k for some positive integer k and M4 = CM(Dn, X4, p4) with
p4 = (a
−1, a, b, a2b).
(5) n = 2m = 8k + 4 for some positive integer k and M5 = CM(Dn, X5, p5) with
p5 = (a
−1, a, b, am+1, am−1, am+2b).
(6) n = 2m = 4k + 2 for some positive integer k and M6 = CM(Dn, X6, p6) with
p6 = (b, a
m−2b, a, a−2b, amb, a−1).
Furthermore all the Cayley maps listed above are reflexible regular Cayley maps.
2 Preliminaries
Let G be a finite group. Consider a permutation ϕ of G of order d (in the full symmetric
group Sym(G)) and a function π from G to the cyclic group Zd. The function ϕ is
said to be a skew-morphism of G with the associated power function π, if ϕ fixes the
identity element of G and
ϕ(ab) = ϕ(a)ϕπ(a)(b) for all a, b ∈ G.
Here ϕj stands for the composition ϕ ◦ · · · ◦ ϕ consisting of j terms. It was proved
in [7] that a Cayley map CM(G,X, p) is regular if and only if there exists a skew-
morphism ϕ of G such that ϕ(x) = p(x) for each x ∈ X . For a given finite group
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G with a symmetric generating set X ⊆ G\{1G}, and a given regular Cayley map
M = CM(G,X, p), we will always use ϕ and π to denote respectively the skew-
morphism ofM with the property that the restriction of ϕ to X is p, and the associated
power function. We will use d to denote the valency of M, and identify the integers
0, 1, . . . , d − 1 with their residue classes modulo d when the context permits. Also,
if p = (x0, x1, . . . , xd−1), then we will let c(k) ∈ Zd be the subscript of x
−1
k , and so
x−1k = xc(k) and c(c(k)) = k for all k ∈ Zd. Now for all k ∈ Zd we have 1G = ϕ(1G) =
ϕ(xkx
−1
k ) = ϕ(xk)ϕ
π(xk)(x−1k ) = xk+1ϕ
π(xk)(xc(k)), which implies ϕ
π(xk)(xc(k)) = x
−1
k+1 =
xc(k+1); and thus π(xk) = c(k + 1)− c(k) holds in Zd for all k ∈ Zd. It follows from [7]
that all values of a power function π are non-zero when the skew-morphism associated
with π is not equal to the identity mapping. The kernel ker(π) of the power function
π is defined by ker(π) = {g ∈ G : π(g) = 1}. The following proposition gives some
properties of skew-morphisms.
Proposition 2.1. [7] Let ϕ be a skew-morphism of G with the associated power function
π. Then
(1) ker(π) = {g ∈ G | π(g) = 1} is a subgroup of G.
(2) π(g) = π(h) if and only if g and h are contained in the same right coset of the
subgroup ker(π).
(3) For any g, h ∈ G, π(gh) =
∑π(g)−1
i=0 π(ϕ
i(h)).
Two Cayley mapsM1 = CM(G,X, p) andM2 = CM(G, Y, q) withX = {x0, x1, . . . ,
xd−1} and Y = {y0, y1, . . . , yd−1} are said to have the same rotation type if the two cyclic
permutations p and q can be expressed as p = (x0 x1 · · · xd−1) and q = (y0 y1 · · · yd−1)
such that x−1i = p
j(xi) if and only if y
−1
i = q
j(yi) for any i, j ∈ {0, 1, . . . , d− 1}.
Proposition 2.2. [9] Let M1 = CM(G,X, p) and M2 = CM(G, Y, q) be two regular
Cayley maps of the same rotation type. Then M1 and M2 are isomorphic if and only
if there exists a group automorphism ϕ of G such that ϕ(X) = Y and ϕp = qϕ, i.e.,
they are equivalent.
The following observation will be useful later on.
Proposition 2.3. [4] Let M = CM(G,X, p) with p = (x0, x1, . . . , xd−1), be a d-
valent reflexible Cayley map for a finite group G, and let ψ be an orientation-reversing
automorphism of M. If ψ takes the arc (g, gxi) to the arc (h, hxj), then ψ takes gxixk
to hxjxc(j)+c(i)−k for all k ∈ Zd.
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For a given Cayley map M = CM(G,X, p), a bijection τ from G to G is called
an antirotary mapping of M if the following three conditions hold for any g ∈ G and
x ∈ X :
(i) τ(1G) = 1G (ii) τ(g)
−1τ(gx) ∈ X and (iii) τ(g)−1τ(gp(x)) = p−1(τ(g)−1τ(gx)).
In fact, an antirotary mapping of M is an orientation-reversing map automorphism
fixing 1G and the converse is also true [6]. So the following proposition holds.
Proposition 2.4. [6] Let M = CM(G,X, p) be a regular Cayley map. Now M is
reflexible if and only if there exists an antirotary mapping of M.
For any n, let Dn = 〈a, b | a
n = b2 = 1 and ab = ba−1〉 be the dihedral group of
order 2n. For our convenience, let
An = {a
i | i = 1, . . . , n} and Bn = {a
ib | i = 1, . . . , n}.
Now An is the cyclic subgroup of Dn of order n. The automorphism group of Dn is
Aut(Dn) = {σi,j | σi,j(a) = a
i, σi,j(b) = a
jb, i, j ∈ {1, 2, . . . , n} and gcd(i, n) = 1}.
For any integer ℓ with gcd(ℓ, n) = 1, let d be the smallest positive integer such that
ℓd−1 + ℓd−2 + · · ·+ ℓ+ 1 ≡ 0 ( mod n).
SetX = {b, ab, aℓ+1b, . . . , aℓ
d−2+ℓd−3+···+ℓ+1b}, p = (b, ab, aℓ+1b, · · · , aℓ
d−2+ℓd−3+···+ℓ+1b),
andM(n, ℓ) = CM(Dn, X, p) for the resulting regular Cayley map. Wang and Feng [20]
showed that all regular balanced Cayley maps on Dn are those of the form M(n, ℓ),
where gcd(n, ℓ) = 1, and any two such maps on Dn with two integers ℓ1 and ℓ2 such
that gcd(ℓ1, n) = gcd(ℓ2, n) = 1 are isomorphic if and only if ℓ1 = ℓ2.
Let M = CM(G,X, p) be a regular Cayley map. Suppose, in addition, that there
exists a subgroup N ≤ G such that N is normal in G and the the set of N -cosets is a
block system of Aut(M). In what follows it will be simply said that G/N is a block
system for Aut(M). Furthermore, we set X/N = {Nx | x ∈ X}. Clearly, X/N is a
generating subset of the factor group G/N and X/N = (X/N)−1. Also, since C(G,X)
is Aut(M)-arc-regular, no element of X belongs to N , and so 1G/N /∈ X/N .
There is an action of Aut(M) on the set of blocks, i. e., on G/N . For g ∈ Aut(M),
we let gG/N denote the action of g on G/N , and for a subgroup H ≤ Aut(M) set
HG/N = {gG/N | g ∈ H}. For g ∈ G, let Lg be the left translation Lg : x 7→ gx, x ∈ G,
and for a subgroup H ≤ G, let L(H) = {Lh | h ∈ H}. Notice that (Lg)
G/N = LNg for
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every g ∈ G. Let us write X = {x0, x1, . . . , xd−1} and p = (x0, x1, . . . , xd−1). Then it
follows that the cycle pG/N := (x0N, x1N, . . . , xd−1N) is well-defined (see [11]); and so
is the Cayley map CM(G/N,X/N, pG/N). The latter map is called the quotient of M
with respect to the block system G/N, and it will be also denoted by M/N . We note
that the quotient map M/N coincides with the so called Cayley-quotient induced by
the normal subgroup N which was defined by Zhang [19], and in the same paper M
is also referred to as the Cayley-cover of M/N . We collect below some properties (see
[11, Corollary 3.5]):
Proposition 2.5. Let M = CM(G,X, p) be a regular Cayley map with associated
skew-morphism ψ and power function π, and let N ≤ G be a normal subgroup in G
and G/N is a block system for Aut(M). Then the following hold:
(1) M/N = CM(G/N,X/N, pG/N) is also regular.
(2) Aut(M/N) = Aut(M)G/N .
(3) The skew-morphisms associated with M/N is equal to ψG/N .
(4) The order |〈ψ〉| ≤ |N | ·
∣∣〈ψG/N 〉∣∣, and equality holds if and only if X is a union of
N-cosets.
(5) The power function πG/N associated with M/N satisfies
πG/N (Ng) ≡ π(g)
(
mod
∣∣〈ψG/N〉∣∣) for every g ∈ G.
Recall that, the core of a subgroup A ≤ B in the group B is the largest normal
subgroup of B contained in A. We say that A is core-free in B if its core in B is trivial.
We will use the following classification result proved in [10].
Theorem 2.6. [10, Theorem 3.4] LetM be a regular Cayley map for the dihedral group
Dn with n > 4 such that cyclic subgroup L(An) is core-free in Aut(M). Then n = 2m,
m is an odd number, and M is equivalent to the Cayley map CM(Dn, a〈a
2〉∪ b〈a2〉, p),
where p = (b, a, a2b, a3, a4b, . . . , an−2b, an−1).
Remark 2.7. For small positive integers n with 2 ≤ n ≤ 4, the regular Cayley mapsM
on Dn such that cyclic subgroup L(An) is core-free in Aut(M) can be easily obtained
(see also [11, Theorem 2.8]). Up to equivalence, these are the following maps:
• CM(D2, {b, ab, a}, (b, ab, a));
• CM(D3, {a
−1, a, b, a2b}, (a−1, a, b, a2b));
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• CM(D4, {b, a, a
−1}, (b, a, a−1)).
We will also make use of two further results from [10].
Proposition 2.8. [10, Corollary 4.2] Let M = CM(Dn, X, p) be a regular Cayley map
with associated skew-morphism ψ and power function π and let M = An ∩ ker(π). If
|M | > 2, then L(M) is normal in Aut(M).
Theorem 2.9. [10, Theorem 4.5] Let n ≥ 2, and M = CM(Dn, X, p) be a regular
Cayley map with associated power function π. Then either n = 3, M is the embedding
of the octahedron into the sphere and | ker(π)| = 2, or | ker(π)| ≥ 4.
Finally, we will need the following result about skew-morphisms of cyclic groups.
Proposition 2.10. [12, Corollary 3.3] Let ϕ be an arbitrary skew-morphism of the
cyclic group Zn, and T be an orbit of 〈ϕ〉 such that T generates Zn. Then T contains
a generator of Zn.
3 The reflection index
As set in the previous section, the dihedral group Dn of order 2n is given by the
presentation Dn = 〈a, b | a
n = b2 = 1, bab = a−1〉 , An = 〈a〉 and Bn = Dn \ An.
Lemma 3.1. Let M = CM(Dn, X, p) be a regular Cayley map for the dihedral group
Dn. If X ∩ An 6= ∅ then An = 〈X ∩An〉.
Proof. We proceed by induction on n. The lemma can be checked readily if n ≤ 6,
hence from now on it is assumed that n > 6. We may also assume that n is even,
because if n is odd, then the lemma follows from the classification of non-balanced
regular Cayley maps for Dn with n odd given in [11, Theorem 3.2].
If L(An) has trivial core in Aut(M), then the lemma follows from Theorem 2.6
and Remark 2.7. Thus we assume that there exists a subgroup P < An such that
L(P ) ⊳ Aut(M) and |P | = p is a prime number.
Let Xa = X ∩An and A
∗ = 〈Xa〉. Assume, towards a contradiction, that A
∗ 6= An.
Since L(P ) ⊳ Aut(M), Dn/P is a block system for Aut(M). Let us consider the
quotient map M/P = CM(Dn/P,X/P, p
Dn/P ), see Proposition 2.5 and the preceding
paragraph. Since X/P ∩ An/P 6= ∅, the induction hypothesis gives 〈Xa/P 〉 = An/P .
Thus An = 〈XaP 〉 = 〈Xa〉P = A
∗P . Since A∗ 6= An, P 6≤ A
∗, and so An = P × A
∗
(also, p ∤ |A∗| as An is a cyclic group). A right P -coset intersecting X will have the
same number of common elements with X . Since P 6≤ A∗, this number is 1. This
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implies that |ψ| = |ψDn/P |, where ψDn/P is the skew-morphisms of Dn/P induced by
ψ (see Proposition 2.5). Thus π and πDn/P take the same number of values, and
therefore, |Dn : ker(π)| = |Dn/P : ker(π
Dn/P )|, which gives | ker(π)| = p · | ker(πDn/P )|.
By Theorem 2.9, | ker(πDn/P )| ≥ 4 or n/p = 3. Since n is even and larger than 6,
we find that ker(π) ≥ 4p. By Proposition 2.8, and using also that p2 ∤ |An|, there
exists a subgroup Q < An such that L(Q) ⊳ Aut(M) and |Q| = q is a prime number
and p 6= q. Then Q ≤ A∗ = 〈Xa〉, and hence A
∗ = A∗Q = 〈XaQ〉. This implies
that 〈Xa/Q〉 = A
∗/Q. On the other hand, by induction, Xa/Q must generate An/Q,
implying that A∗ = An, a contradiction. The lemma is proved.
Lemma 3.2. Let M = CM(Dn, X, p) be a regular Cayley map for the dihedral group
Dn. If X ∩ An 6= ∅ then there exists x ∈ X such that An = 〈x〉.
Proof. We set Xa = X ∩An. Let N be the largest subgroup of An such that the L(N)-
orbits form a system of blocks for Aut(M). Then M/N = CM(Dn/N,X/N, p
Dn/N ) is
also a regular Cayley map with associated skew-morphisms ψDn/P by Proposition 2.5.
Clearly, |An/N | ≥ 2. Observe that M/N is a core-free map, i. e., the cyclic subgroup
L(An/N) is core-free in Aut(M/N). By Theorem 2.6 and Remark 2.7, we may assume,
up to equivalence, that one of the following holds:
(i) n/|N | = 2, and pDn/N = (Nb,Nab,Na);
(ii) n/|N | = 3, and pDn/N = (Na−1, Na,Nb,Na2b);
(iii) n/|N | = 4, and pDn/N = (Nb,Na,Na−1);
(iv) n/|N | ≡ 2( mod 4), and pDn/N = (Nb,Na,Na2b, . . . , Na−1).
We give a detailed proof for cases (i) and (ii), and only a sketch for cases (iii) and
(iv) because they are obtained by repeating very similar processes.
(i): Let ϕ = ψ3. It is easily seen that Xa is an orbit under 〈ϕ〉. The power function
πDn/N takes on 1 for every element in Dn/N . Thus π(x) ≡ 1( mod 3) for every x ∈ Dn,
see Proposition 2.5(5), and thus we can write for any x, y ∈ Dn,
ϕ(xy) = ψ3(xy) = ψ3(x)ψπ(x)+π(ψ(x))+π(ψ
2(x))(y) = ψ3(x)ψ3k(y) = ϕ(x)ϕk(y)
for some integer k. This gives that ϕ is a skew-morphism of Dn. As 〈Xa〉 = An, see
Lemma 3.1, ϕ maps An to itself. Let ϕ¯ be the restriction of ϕ to An. Then ϕ¯ is a
skew-morphism of the cyclic group An such that Xa is an 〈ϕ¯〉-orbit which generates
An. By Proposition 2.10, Xa contains a generator of An.
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(ii): Let ϕ = ψ4. In this case Xa splits into two orbits under 〈ϕ〉 , say X
(i)
a , i = 1, 2.
Furthermore, they satisfy X
(1)
a =
(
X
(2)
a
)
−1
. Notice that both X
(1)
a and X
(2)
a generate
An. The power function π
Dn/N is given as follows: πDn/N(N) = πDn/N (Na2b) = 1,
πDn/N(Na) = πDn/N(Nab) = 2, and πDn/N(Na2) = πDn/N (Nb) = 3. These imply with
Proposition 2.5(5) that, for every x ∈ Dn
π(x) + π(ψ(x)) + π(ψ2(x) + π(ψ3(x)) ≡ 0( mod 4).
As in case (i), we deduce from this that ϕ is a skew-morphism of Dn which maps An
to itself. Now, the restriction of ϕ to An is a skew-morphism of An with (Xa)
(1) is a
generating orbit. The proof can be finished again by Proposition 2.10.
(iii) – (iv): We let ϕ = ψ3 in case (iii), and ϕ = ψ2 in case (iv). Then we show that
ϕ is a skew-morphism of Dn which maps An to itself. In case (iii) the set Xa splits
into two orbits under 〈ϕ〉 which are inverses to one another, while Xa is an 〈ϕ〉-orbit
in case (iv). Finally, we finish the proof by applying Proposition 2.10 to the restriction
of ϕ to An.
Lemma 3.3. Let M = CM(Dn, X, p) be a regular Cayley map for the dihedral group
Dn. Now M is reflexible if and only if there exists an automorphism α ∈ Aut(Dn)
such that α(X) = X and for any x ∈ X, α(p(x)) = p−1(α(x)).
Proof. Let p = (x0, x1, . . . , xd−1).
Suppose there exists an automorphism α ∈ Aut(Dn) such that α(X) = X and for
any x ∈ X , α(p(x)) = p−1(α(x)). Then α(1Dn) = 1Dn . For any g ∈ Dn and x ∈ X ,
α(g)−1α(gx) = α(g)−1α(g)α(x) = α(x) ∈ X and
α(g)−1α(gp(x)) = α(g)−1α(g)α(p(x)) = α(p(x)) = p−1(α(x)) = p−1(α(g)−1α(gx)).
Hence α is an antirotary mapping of M, and consequently M is reflexible by Propo-
sition 2.4.
Assume that M is reflexible and balanced. Note that for any i = 0, . . . , d− 1, xi ∈
Bn. Since M is regular, we can choose an orientation-reversing map automorphism ψ
ofM satisfying that ψ(1Dn) = 1Dn and ψ(xi) = x−i for any i = 0, . . . , d−1. This means
that ψ(X) = X and ψ(p(xi)) = ψ(xi+1) = x−i−1 = p
−1(x−i) = p
−1(ψ(xi)). Suppose
that there exists a positive integer j with j ≥ 1 such that for any xi1 , xi2 , . . . , xij ∈ X
(not necessarily distinct), ψ(xi1xi2 · · ·xij ) = ψ(xi1)ψ(xi2) · · ·ψ(xij ) = x−i1x−i2 · · ·x−ij .
Then for any k = 0, . . . , d− 1,
ψ(xi1xi2 · · ·xijxk) = ψ(xi1xi2 · · ·xij )xc(−ij)+c(ij)−k = x−i1x−i2 · · ·x−ijx−k
= ψ(xi1)ψ(xi2) · · ·ψ(xij )ψ(xk)
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by Proposition 2.3. Therefore ψ is a group automorphism of Dn.
For the remaining case, let M be reflexible and X ∩An 6= ∅. By Lemma 3.2, there
exists xk ∈ X such that An = 〈xk〉. Let c(k) = r, namely xr = x
−1
k . Since M is
regular, we can choose an orientation-reversing map automorphism ψ1 of M satisfying
that ψ1(1Dn) = 1Dn and ψ1(xk) = xr = x
−1
k . Note that for any i = 0, . . . , d − 1,
ψ1(xk+i) = xr−i and hence ψ1(X) = X and ψ1(p(xk+i)) = ψ1(xk+i+1) = xr−i−1 =
p−1(xr−i) = p
−1(ψ1(xk+i)). Suppose that for some positive integer j with j ≥ 1,
ψ1(x
j
k) = ψ1(xk)
j = x−jk . Then
ψ1(x
j+1
k ) = ψ1(x
j
kxk) = ψ1(x
j
k)xc(r)+c(k)−k = x
−j
k xr = x
−j−1
k = ψ1(xk)
j+1
by Proposition 2.3. Hence for any ai ∈ An, ψ1(a
i) = a−i and for any aib ∈ Bn,
ψ1(a
ib) ∈ Bn. Let b = x
s
kxt for some integers s and t = 0, . . . , d − 1. Now xt ∈ Bn
and ψ1(b) = ψ1(x
s
kxt) = ψ1(x
s
k)xc(r)+c(k)−t = x
−s
k xc(r)+c(k)−t. Therefore for any i =
0, . . . , n− 1,
ψ1(x
i
kb) = ψ1(x
i+s
k xt) = x
−i−s
k xc(r)+c(k)−t = x
−i
k x
−s
k xc(r)+c(k)−t = ψ1(x
i
k)ψ1(b).
Therefore ψ1 is a group automorphism of Dn.
The proof of Lemma 3.3 implies that if M = CM(Dn, X, p) is a reflexible reg-
ular balanced Cayley map then any orientation-reversing automorphism of M fix-
ing 1Dn is also a group automorphism. For a reflexible regular non-balanced Cay-
ley map M = CM(Dn, X, p), the proof of Lemma 3.3 implies that there exists a
α−1,j ∈ Aut(Dn) which is also an orientation-reversing map automorphism of M. So
we have the following corollay.
Corollary 3.4. Let M = CM(Dn, X, p) be a regular non-balanced Cayley map for the
dihedral group Dn. NowM is reflexible if and only if there exists an automorphism α ∈
Aut(Dn) such that α(a) = a
−1, α(X) = X and for any x ∈ X, α(p(x)) = p−1(α(x)).
We call such α in Corollay 3.4 a partially inverting reflection of M. In fact, there
is a unique partially inverting reflection of M and for any xi, xk ∈ X ∩ An, i+ c(i) ≡
k + c(k)( mod d). Let r = min{k ∈ Z | pk(xi) = x
−1
i , xi ∈ X ∩ An, k ≥ 1} and call
it the reflection index of M and denote it by r(M).
4 Proof of Theorem 1.1
In this Section we prove Theorem 1.1, namely we classify reflexible regular Cayley maps
for the dihedral groups Dn. All lemmas in this section give a proof of Theorem 1.1.
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If M = CM(Dn, X, p) is a reflexible regular Cayley map for the dihedral group Dn
and its valency d is 2, then one can easily show thatM is isomorphic to CM(Dn, {b, ab},
p = (b, ab)), which is reflexible regular. For d = 3, we have the following lemma.
Lemma 4.1. Let M = CM(Dn, X, p) be a Cayley map for the dihedral group Dn
of valency d = 3. Now M is reflexible regular if and only if M is isomorphic to
CM(D2, {b, ab, a}, (b, ab, a)), CM(D3, {b, ab, a
2b}, (b, ab, a2b)) or CM(D4, {b, a, a
−1}, (b,
a, a−1)).
Proof. The underlying graphs of CM(D2, {b, ab, a}, (b, ab, a)), CM(D3, {b, ab, a
2b}, (b,
ab, a2b)) and CM(D4, {b, a, a
−1}, (b, a, a−1)) are the complete graph K4, the complete
bipartite graph K3,3 and 3-cube Q3, respectively, and one can easily show that these
Cayley maps are reflexible regular.
Let M = CM(Dn, X, p) be a reflexible regular Cayley map for the dihedral group
Dn of valency d = 3. If n = 2, then one can easily show thatM = CM(D2, {b, ab, a}, (b,
ab, a)). Assume that n ≥ 3. Suppose that M is balanced. Then M is isomorphic to
CM(Dn, {b, ab, a
ℓ+1b}, (b, ab, aℓ+1b)) for some ℓ satisfying ℓ2 + ℓ + 1 ≡ 0( mod n). By
Lemma 3.3, one can assume that there exists a group automorphism ψ of Dn such that
ψ(b) = b, ψ(ab) = aℓ+1b and ψ(aℓ+1b) = ab. Now we have ψ(a) = ψ(abb) = aℓ+1. So
ab = ψ(aℓ+1b) = a(ℓ+1)
2
b = aℓ
2+2ℓ+1b = aℓb. This means that ℓ = 1 and hence M is
isomorphic to CM(D3, {b, ab, a
2b}, (b, ab, a2b)).
For the remaining case, let X ∩ An 6= ∅ and let p = (x0, x1, x2) such that x0 ∈ Bn
and x−11 = x2. By Proposition 2.2 and Lemma 3.2, one can assume that p = (b, a, a
−1).
Now, ker(π) = 〈a2, ab〉 and for any g ∈ Dn \ ker(π), π(g) = 2. This means that
ϕ(ab) = ψ(a)ϕ2(b) = a−2 and ϕ(ba−1) = ϕ(b)ϕ2(a−1) = a2.
Since ab = ba−1, we have a2 = a−2. Since we assume n ≥ 3, n = 4 andM is isomorphic
to CM(D4, {b, a, a
−1}, (b, a, a−1)).
In Lemma 4.1, we classify reflexible regular Cayley maps for Dn of valency 3. From
now on, we assume that the valency of M is greater than or equal to 4. We show
that the Cayley mapMi in Theorem 1.1 is reflexible regular and any reflexible regular
Cayley map for Dn with valency d ≥ 4 is isomorphic to Mi in Theorem 1.1.
Lemma 4.2. For any i = 1, . . . , 6, the Cayley map Mi in Theorem 1.1 is reflexible
regular.
Proof. If n is even then let n = 2m. For any i = 1, . . . , 6, let ϕi, πi and ψi be defined as
follows. Now one can check that ϕi is a skew-morphism of Dn with associated power
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function πi and Xi is an orbit of ϕi which is a generating set of Dn and closed under
inverse, and the restriction of ϕi on Xi is pi. Hence Mi is regular. Furthermore ψi is a
group automorphism of Dn satisfying ψi(Xi) = Xi and ψi(p(x)) = p
−1(ψi(x)) for any
x ∈ Xi. So Mi is reflexible by Lemma 3.3. Let j be an integer.
(1)
ϕ1(a
j) = ajℓ and ϕ1(a
jb) = ajℓ+1b
π1(g) = 1 for any g ∈ Dn
ψ1(a
j) = a−jℓ and ψ1(a
jb) = a−jℓb.
(2)
ϕ2(a
j) =
{
a−j if j is even
aj+1b if j is odd
ϕ2(a
jb) =
{
aj+1 if j is even
a−jb if j is odd
π2(a
2j+1) = π2(a
n−2j−2b) ≡ 4j + 3(mod n) and
π2(a
2j) = π2(a
n−2j−1b) ≡ 4j + 1(mod n)
ψ2(a
j) = a−j and ψ2(a
jb) = a−jb.
(3)
ϕ3(a
j) =
{
a
j
2
m−j if j is even
aj+1+
j+1
2
mb if j is odd
ϕ3(a
jb) =
{
aj+1+
j
2
m if j is even
a
j+1
2
m−jb if j is odd
π3(a
2j+1) = π3(a
n−2j−2b) ≡ 4j + 3(mod n) and
π3(a
2j) = π3(a
n−2j−1b) ≡ 4j + 1(mod n)
ψ3(a
j) = a−j and ψ3(a
jb) = a−jb.
(4)
ϕ4(a
j) =


a−j if j ≡ 0( mod 3)
a−j+1b if j ≡ 1( mod 3)
a−j if j ≡ 2( mod 3)
ϕ4(a
jb) =


a−j+2b if j ≡ 0( mod 3)
a−j+2b if j ≡ 1( mod 3)
a−j+1 if j ≡ 2( mod 3)
π4(a
3j) = π4(a
3jb) = 1, π4(a
3j+1) = π4(a
3j+2b) = 2 and π4(a
3j+2) = π4(a
3j+1b) = 3
ψ4(a
j) = a−j and ψ4(a
jb) = a−j+2b.
(5)
ϕ5(a
j) =


a−j if j ≡ 0( mod 4)
a−j+1b if j ≡ 1( mod 4)
a−j+1+mb if j ≡ 2( mod 4)
a−j if j ≡ 3( mod 4)
ϕ5(a
jb) =


a−j+1+mb if j ≡ 0( mod 4)
a−j+2+mb if j ≡ 1( mod 4)
a−j+2+mb if j ≡ 2( mod 4)
a−j+1 if j ≡ 3( mod 4)
π5(a
4j) = π5(a
4j+1b) = 1, π5(a
4j+1) = π5(a
4jb) = 2
π5(a
4j+2) = π5(a
4j+3b) = 4 and π5(a
4j+3) = π5(a
4j+2b) = 5
ψ5(a
j) = a−j and ψ5(a
jb) = a−j+2+mb.
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(6)
ϕ6(a
j) =
{
a−j if j ≡ 0( mod 2)
a−j−1b if j ≡ 1( mod 2)
ϕ6(a
jb) =
{
a−j−2+mb if j ≡ 0( mod 2)
a−j−1+m if j ≡ 1( mod 2)
π6(a
4j) = π6(a
2jb) = 1 and π6(a
2j+1) = π6(a
2j+1b) = 4
ψ6(a
j) = a−j and ψ6(a
jb) = a−j−2+mb.
Lemma 4.3. If M = CM(Dn, X, p) is a reflexible regular balanced Cayley map for
the dihedral group Dn, then M is isomorphic to M1 in Theorem 1.1.
Proof. Let p = (b, ab, aℓ+1b, . . . , aℓ
d−2+ℓd−3+···+1b) for some positive integer ℓ such that
ℓd−1 + ℓd−2 + · · · + 1 ≡ 0( mod n). By Lemma 3.3, one can assume that there exists
a group automorphism ψ of Dn such that ψ(b) = b, ψ(ab) = a
ℓd−2+ℓd−3+···+1b and
ψ(aℓ
d−2+ℓd−3+···+1b) = ab. Let k = ℓd−2+ℓd−3+· · ·+1. Now we have ψ(a) = ψ(abb) = ak
and ab = ψ(akb) = ak
2
b. So k2 ≡ 1( mod n). Since ℓd−1 + ℓd−2 + · · · + 1 = ℓk + 1 ≡
0( mod n), we have k2 ≡ 1 ≡ −ℓk( mod n). This implies that k ≡ −ℓ( mod n) and
hence k2 ≡ ℓ2 ≡ 1( mod n). Therefore M is isomorphic to M1 in Theorem 4.2.
From now on, we aim to consider reflexible regular non-balanced Cayley maps for
the dihedral group Dn in terms of rotation index.
Lemma 4.4. If M = CM(Dn, X, p) is a reflexible regular Cayley map for the dihedral
group Dn whose rotation index r(M) is 1, then M is isomorphic to M4 or M5 in
Theorem 1.1.
Proof. Let M = CM(Dn, X, p) be a reflexible regular Cayley map for Dn with p =
(x0, x1, . . . , xd−1) satisfying x
−1
0 = x1.
For the first consideration, let d = 4. By Proposition 2.2 and Lemma 3.2, we can
assume that p = (a−1, a, b, akb) for some k. Now π(a) = π(akb) = 2, π(b) = 1 and
π(a−1) = 3. So ϕ(ab) = ϕ(a)ϕ2(b) = ba−1 = ab and ϕ(ba−1) = ϕ(b)ϕ(a−1) = akba =
ak−1b. Since ab = ba−1, we have k = 2. The covalency (face size) of M is the order
n of a, which equals to 3 times the order of a−1ba2b = a−3. This implies that n is a
multiple of 3 and hence M is isomorphic to M4.
Assume that d ≥ 5. Note that if xi ∈ An then x
−1
i = xd+1−i, and if xi ∈ Bn then
xd+1−i also belongs to Bn. Our discussion can be divided into the following cases.
Case 1. Suppose that xd−1, x2 ∈ An, namely x
−1
d−1 = x2. Let x1 = a
i and x2 = a
j . Now
xd−1 = a
−j and x0 = a
−i. This implies that π(a−j) = π(a−i) = π(ai) = −1. Hence
ϕ(a−j−i) = ϕ(a−j)ϕ−1(a−i) = a−i−j and ϕ(a−i−j) = ϕ(a−i)ϕ−1(a−j) = aiϕ−1(a−j).
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So ϕ−1(a−j) = xd−2 = a
−2i−j , which implies that x3 = x
−1
d−2 = a
2i+j and π(a−2i−j) =
−1. Now we have
ϕ(xd−2xd−1) = ϕ(a
(−2i−j)−j) = ϕ(a−2i−j)ϕ−1(a−j) = a−j+(−2i−j) and
ϕ(a−j+(−2i−j)) = ϕ(a−j)ϕ−1(a−2i−j) = a−iϕ−1(a−2i−j)
and hence ϕ−1(a−2i−j) = xd−3 = a
−i−2j . By continuing the similar process, one can get
that for any xk ∈ X , xk ∈ An. It contradicts that X is a generating set of Dn.
Case 2. Suppose that xd−2, xd−1, x2, x3 ∈ Bn. Then π(xd−2) = π(x2) = 1, π(xd−1) =
π(x1) = 2 and π(x0) = −1. By Proposition 2.2, one can assume that xd−1 = b. Let
xd−2 = a
k1b and x2 = a
k2b. Now
ϕ(ak1ba−i) = ϕ(ak1b)ϕ(a−i) = bai and ϕ(aiak1b) = ϕ(ai)ϕ2(ak1b) = ak2ba−i,
which implies that k2 = −2i. Since
ϕ(ak1bai) = ϕ(ak1b)ϕ(ai) = bak2b = a−k2 = a2i and
ϕ(a−iak1b) = ϕ(a−i)ϕ−1(ak1b) = aiϕ−1(ak1b),
we have ϕ−1(ak1b) = xd−3 = a
i = x1, which is a contradiction.
Case 3. Suppose that xd−1, x2 ∈ Bn and xd−2, x3 ∈ An. Then π(xd−2) = π(x2) = −4,
π(xd−1) = π(x1) = 2 and π(x0) = −1. Let xd−1 = a
k1b, x2 = a
k2b and x3 = x
−1
d−2 = a
j.
Now
ϕ(a−iak1b) = ϕ(a−i)ϕ−1(ak1b) = aia−j and ϕ(ak1bai) = ϕ(ak1b)ϕ2(ai) = a−iaj ,
which implies that 2i = 2j. Furthermore we have
ϕ(a−2i) = ϕ(a−i)ϕ−1(a−i) = aiak1b and ϕ(a−2j) = ϕ(a−j)ϕ−4(a−j) = ak1bϕ−4(a−j).
Since a−2i = a−2j , we have ϕ−4(a−j) = xd−6 = a
−i = x0. This implies that d = 6 and
p = (a−i, ai, ak2b, aj , a−j, ak1b). Since 2i = 2j, An = 〈a
i〉 = 〈aj〉 be Lemma 3.2. By
Proposition 2.2, we can assume that p = (a−1, a, b, aj , a−j, ak1b) up to isomorphism.
Since 2j = 2i = 2, n is even and j = 1 + n
2
. Note that π(a1+
n
2 ) = −1. Since
ϕ(a1+(1+
n
2
)) = ϕ(a)ϕ2(a1+
n
2 ) = bak1b and ϕ(a(1+
n
2
)+1) = ϕ(a1+
n
2 )ϕ−1(a) = a−1+
n
2 a−1,
k1 = 2+
n
2
. The covalency (face size) of M is the order n of a, which equals to 4 times
the order of a−1 · b · a1+
n
2 · a2+
n
2 b = a−4. This implies that n is a multiple of 4. Note
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that π(a) = 2 and by Proposition 2.1,
π(a2) =
π(a)−1∑
i=0
π(ϕi(a)) = π(a) + π(b) = 4,
π(a3) =
π(a2)−1∑
i=0
π(ϕi(a)) = π(a) + π(b) + π(a1+
n
2 ) + π(a−1+
n
2 ) = 5 and
π(a4) =
π(a3)−1∑
i=0
π(ϕi(a)) = π(a) + π(b) + π(a1+
n
2 ) + π(a−1+
n
2 ) + π(a2+
n
2 b) = 1.
Hence 〈a4〉 is the cyclic subgroup of ker(π) of the maximum order. Since π(a) =
π(a−1+
n
2 ), both a and a−1+
n
2 belong to the same right coset of ker(π), namely a−2+
n
2 ∈
〈a4〉. This implies that n
2
≡ 2( mod 4), namely n ≡ 4( mod 8), and hence M is
isomorphic to M5.
Lemma 4.5. If M = CM(Dn, X, p) is a reflexible regular Cayley map for the dihedral
group Dn whose rotation index r(M) is 2, then M is isomorphic to M2 or M3 in
Theorem 1.1.
Proof. Let M = CM(Dn, X, p) be a reflexible regular Cayley map for Dn with p =
(x0, x1, . . . , xd−1) satisfying x0 ∈ Bn and x
−1
d−1 = x1. By Proposition 2.2, we can
assume that x0 = b. Let x1 = x
−1
d−1 = a
i. SinceM is regular and reflexible, there exists
an orientation-reversing map automorphism ψ of Dn such that ψ(xk) = x−k for any
xk ∈ X . By Corollay 3.4, ψ is also a group automorphism. Note that ψ(a) = a
−1 and
ψ(b) = b. This implies that for any xk ∈ X , if xk = a
j then x−k = a
−j , and if xk = a
jb
then x−k = a
−jb.
Suppose that x−1d−2 = x2. Let x2 = x
−1
d−2 = a
j. Now π(a−j) = π(a−i) = π(b) =
π(ai) = −1 and hence
ϕ(aib) = ϕ(ai)ϕ−1(b) = aja−i = aj−i and ϕ(ba−i) = ϕ(b)ϕ−1(a−i) = ai−j.
So 2i ≡ 2j( mod n). Since a−2i = a−2j and
ϕ(a−2i) = ϕ(a−i)ϕ−1(a−i) = ba−j and ϕ(a−2j) = ϕ(a−j)ϕ−1(a−j) = a−iϕ−1(a−j),
we have ϕ−1(a−j) = ai+jb. Also
ϕ(a−j+i) = ϕ(a−j)ϕ−1(ai) = a−ib and ϕ(ai−j) = ϕ(ai)ϕ−1(a−j) = ajϕ−1(a−j),
which means that ϕ−1(a−j) = a−i−jb. So we have 2j ≡ 2i ≡ −2j( mod n), and hence
4j ≡ 0( mod n). This implies that {a−i, ai} = {a−j, aj} = {a
n
4 , a
3n
4 }, a contradiction.
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Now we can assume that xd−2, x2 ∈ Bn. Let xd−2 = a
−k1b and x2 = a
k1b. Note that
π(a−i) = π(b) = −1 and π(a−k1b) = π(ai) = 3. Since
ϕ(a−k1bb) = ϕ(a−k1b)ϕ3(b) = a−iϕ(ak1b) and ϕ(bak1b) = ϕ(b)ϕ−1(ak1b) = a2i,
we have ϕ(ak1b) = a3i, namely x3 = a
3i and xd−3 = a
−3i. Hence we have
ϕ(aib) = ϕ(ai)ϕ3(b) = ak1ba3i and ϕ(ba−i) = ϕ(b)ϕ−1(a−i) = aia−k1b.
This implies that 2k1 = 4i, namely k1 = 2i or 2i+
n
2
with even n. Now our discussion
can be divided into the following two cases.
Case 1. Suppose that k1 = 2i. Assume that there exists a positive integer k with
k ≥ 1 such that for non-negative integer j with j ≤ k, x−2j = a
−2jib, x2j = a
2jib and
x−2j−1 = a
(−2j−1)i, x2j+1 = a
(2j+1)i. Then we have π(a−2jib) = π(a(2j−1)i) = 4j − 1 and
π(a2jib) = π(a(−2j−1)i) = −4j − 1, and so
ϕ(aia(2k−1)i) = ϕ(ai)ϕ3(a(2k−1)i) = a2ibx2k+2 and
ϕ(aia(2k−1)i) = ϕ(ba(−2k)ib) = ϕ(b)ϕ−1(a(−2k)ib) = aia(−2k−1)i
Now we have x2k+2 = a
(2k+2)ib, and hence x−2k−2 = a
(−2k−2)ib. Since
ϕ(aia2kib) = ϕ(ai)ϕ3(a2kib) = a2ibx2k+3 and
ϕ(aia2kib) = ϕ(ba(−2k−1)i) = ϕ(b)ϕ−1(a(−2k−1)i) = aia(−2k−2)ib,
we have x2k+3 = a
(2k+3)i and x−2k−3 = a
(−2k−3)i. By induction, for any integer j,
x2j = a
2jib and x2j+1 = a
(2j+1)i. ForM to be well-defined, n should be even. Since X is
a generating set of Dn, the greatest common divisor of i and n is 1. By Proposition 2.2,
we can assume that i = 1 up to isomorphism, and hence M is isomorphic to M2.
Case 2. Suppose that k1 = 2i +
n
2
with even n. Let m = n
2
. Assume that there
exists a positive integer k with k ≥ 1 such that for non-negative integer j with j ≤ k,
x−2j = a
−2ji+jmb, x2j = a
2ji+jmb and x−2j−1 = a
(−2j−1)i, x2j+1 = a
(2j+1)i. Then we have
π(a−2ji+jmb) = π(a(2j−1)i) = 4j − 1 and π(a2ji+jmb) = π(a(−2j−1)i) = −4j − 1, and so
ϕ(aia(2k−1)i) = ϕ(ai)ϕ3(a(2k−1)i) = a2i+mbx2k+2 and
ϕ(aia(2k−1)i) = ϕ(a−ia(2k+1)i) = ϕ(a−i)ϕ−1(a(2k+1)i) = ba2ki+kmb,
which implies that x2k+2 = a
(2k+2)i+(k+1)mb and x−2k−2 = a
(−2k−2)i−(k+1)mb. Since
ϕ(a−2i+mba2ki+kmb) = ϕ(a−2i+mb)ϕ3(a2ki+kmb) = a−ix2k+3 and
ϕ(a−2i+mba2ki+kmb) = ϕ(ba(2k+2)i+(k+1)mb) = ϕ(b)ϕ−1(a(2k+2)i+(k+1)mb) = aia(2k+1)i,
16
we have x2k+3 = a
(2k+3)i and x−2k−3 = a
(−2k−3)i. By induction, for any integer j,
x2j = a
2ji+jmb and x2j+1 = a
(2j+1)i. Since X is a generating set of Dn, the greatest
common divisor of i and n is 1. By Proposition 2.2, we can assume that i = 1 up to
isomorphism. Note that the valency d of M is n. For M to be well-defined, n should
be a multiple of 4. If n ≡ 4( mod 8), then xm = a
m+m
2
mb = a2mb = b, a contradiction.
Therefore n is a multiple of 8 and hence M is isomorphic to M3.
Lemma 4.6. If M = CM(Dn, X, p) is a reflexible regular Cayley map for the dihedral
group Dn whose rotation index r(M) is 3, thenM is isomorphic toM6 in Theorem 1.1.
Proof. Let M = CM(Dn, X, p) be a reflexible regular Cayley map for Dn with p =
(x0, x1, . . . , xd−1) and r(M) = 3. By Proposition 2.2, let x0 = b, x1 = a
kb and
x2 = x
−1
d−1 = a
i. Now π(a−i) = π(akb) = −2 and π(b) = 1.
Suppose that xd−2, x3 ∈ An, namely x
−1
d−2 = x3. Let x3 = x
−1
d−2 = a
j. Now π(a−j) =
π(ai) = −1 and we have
ϕ(a−ib) = ϕ(a−i)ϕ−2(b) = ba−j and ϕ(a−ib) = ϕ(bai) = ϕ(b)ϕ(ai) = akbaj
ϕ(aib) = ϕ(ai)ϕ−1(b) = aja−i and ϕ(aib) = ϕ(ba−i) = ϕ(b)ϕ(a−i) = akbb = ak.
So it holds that k = 2j and k = j − i. This implies that j = −i, a contradiction.
We can assume that xd−2, x3 ∈ Bn. Let xd−2 = a
k1b and x3 = a
k2b. Now π(ak1b) =
π(ai) = 4 and we have
ϕ(a−ib) = ϕ(a−i)ϕ−2(b) = bak1b = a−k1 and ϕ(bai) = ϕ(b)ϕ(ai) = akbak2b = ak−k2
ϕ(aib) = ϕ(ai)ϕ4(b) = ak2bϕ(ak2b) and ϕ(ba−i) = ϕ(b)ϕ(a−i) = akbb = ak.
So k1 = k2 − k and ϕ(a
k2b) = ak2−kb = ak1b. This implies that d = 6 and p =
(b, akb, ai, ak2b, ak1b, a−i). By Lemma 3.2, 〈ai〉 = An and hence the greatest common
divisor of n and i is 1. By Proposition 2.2, we can assume that i = 1 up to iso-
morphism. Now π(a) = π(a−1) = π(akb) = π(ak1b) = −2 and π(b) = π(ak2b) = 1.
By Corollary 3.4, there exists an automorphism ψ of Dn such that ψ(a) = a
−1 and
ψ(b) = akb, and this automorphism ψ sends ak1b to ak2b. This means that k2 = −k1+k.
Since k1 = k2 − k, we have 2k1 ≡ 0( mod n) and hence n is even and k1 =
n
2
. Since
ϕ(a
n
2 bb) = ϕ(a
n
2 b)ϕ−2(b) = a−1a
n
2 b and ϕ(ba
n
2 b) = ϕ(b)ϕ(a
n
2 b) = akba−1,
we have k = n
2
− 2, which means k2 = −2 and hence p = (b, a
n
2
−2b, a, a−2b, a
n
2 b, a−1).
Since π(b) = π(a−2b) = 1, we have ker(π) = 〈a2, b〉. By the fact a
n
2 b /∈ ker(π), we know
that n
2
is odd, so n ≡ 2( mod 4), and hence M is isomorphic to M6.
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In the following lemma, we will show that there is no other reflexible regular Cayley
map for Dn except all Cayley maps listed in Theorem 1.1.
Lemma 4.7. There is no reflexible regular Cayley map for the dihedral group Dn whose
rotation index r(M) is greater than 3.
Proof. Suppose that there exists a reflexible regular Cayley map M = CM(Dn, X, p)
whose rotation index r(M) is greater than 3. For our convenience, let r(M) = r and
let xr = x
−1
0 = a
i and for any j = 1, . . . , r − 1, xj ∈ Bn. For any j = 1, . . . , r − 1,
let xj = a
kjb. Now π(ak1b) = π(ak2b) = · · · = π(akr−2b) = 1. By Corollary 3.4,
there exists an automorphism ψ of Dn such that ψ(a) = a
−1 and ψ(akjb) = akr−jb
for any j = 1, . . . , r − 1. This implies that k1 + kr−1 ≡ k2 + kr−2( mod n), and thus
k1 − k2 ≡ kr−2 − kr−1( mod n). Since
ϕ(ak1bak2b) = ϕ(ak1b)ϕ(ak2b) = ak2bak3b and
ϕ(akr−2bakr−1b) = ϕ(akr−2b)ϕ(akr−1b) = akr−1bai
and k1 − k2 ≡ kr−2 − kr−1( mod n), we have a
k2bak3b = akr−1bai, a contradiction.
Therefore there is no reflexible regular Cayley map for the dihedral group Dn with
r(M) ≥ 4.
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